In this study, the homotopy analysis method is used for solving the Abel differential equation with fractional order within the Caputo sense. Stabilityand convergence of the proposed approach is investigated. The numerical results demonstrate that the homotopy analysis method is accurate and readily implemented. 
Introduction
Liao proposed the homotopy analysis method (HAM) in 1992, [1] and since then it has been used to obtain the analytical, and approximate analytical, solutions of many types ofnonlinear equations and systems of equations. It has also been applied to problems in engineering and science (see for example Refs. [1] [2] [3] [4] [5] [6] [7] and the references therein). With this method , we use a certain auxiliary parameter¯ to control and adjust the rate of convergence and the convergence region of the series solution. The valid regions of¯ are obtained by using an¯ -curve. The fractional calculus has been used extensively in basic sciences and engineering (see for example Refs. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and the references therein). A recent application has included numerically determining solutions for various classes of nonlinear fractional differential equations.Many engineering and physical problems have been modelled using frac-tional differential equations (FDEs) [8-16, 23, 24] . Finding accurate and efficient methods for solving FDEs has been an active research undertaking. Nonlinear FDEs are difficult to solve, especially analytically. Such solutions tong most nonlinear FDEs cannot be found easily, thus approximate analytical and numerical methods must be used. In [6, 13, 15, 21] some numerical methods for solving FDEs were presented. Different types of definitions of fractional calculus can be found. The Riemann-Liouville integraloperator of order α is defined as [10] (
and the Riemann-Liouville fractional derivative of order α (α ≥ 0) is also used:
A modification of the Riemann-Liouvill definition, the Caputo fractional derivative [10] is defined as
where is an integer. Let ∈ C and − 1 < α ≤ then
In this work, the fractional derivative is considered in the Caputo sense because of its applicability to realworldproblems.
In this paper, we employ the homotopy analysis method (HAM) [1] for solving an Abel differential equation with fractional order:
where ( ) = 0 ( ) ( ) and ( ) are meromorphic functions. This equation has a long history in many areas of pure mathematics and applied mathematics [19, 22] . For solving the following type of nonlinear FDE ,
using the HAM [1] , we firstly construct the zero-order deformation equation as
where
is a mapping of ( ),¯ = 0 is an auxiliary parameter,
is an auxiliary linear operator, 0 ( ) is an initial guess of ( ), and φ( ; ) is a unknown function, respectively.In the HAM, we assume that the solution can be written as
Substituting (8) in (7) and differentiating it times with respect to , setting = 0 , we will have the -th order deformation equation as follows:
In view of (4), applying the Riemann-Liouville integral operator I α to both sides of Eq. (9), leads to:
It is easily to obtain ( ) for ≥ 1 using the above recurrent formula.
Compact structures of Abel equations with time-fractional derivatives
Hereunder, to demonstrate the efficiency of our scheme, we will implement the homotopy analysis method to construct solutions for compact structures of fractional Abel equations.
Example1
Consider the nonlinear fractional Abel differential equation of the first kind:
subject to the initial condition 0 ( ) = 0. For solving Eq. (12) using the homotopy analysis method, with the given initial condition, it is naturalto choose (0) = 0
We choose the linear operator
with the property L[ ] = 0, where c represents a constant.Now, we define a nonlinear operator as follows
We construct the zeroth-order deformation equation assuming that H( ) = 1
Obviously, when = 0 and = 1,
Therefore, the -th order deformation equation is obtained as follow:
keeping in mind that
Now applying I α to both side of (17) leads to
Finally, we assume that
By using (13) and (2) Example2 Consider a nonlinear fractional Abel differential equation of the first kind:
(21) subject to the initial condition 0 ( ) = 0 To use the homotopy analysis method to solve Eq. (21), we choose the initial linear operator as follows:
with the property L[ ] = 0. The nonlinear operator is
Using the above definition and assuming H( ) = 1, we construct the zeroth-order deformation equation
Thus, we obtain the -th order deformation equation as
Now the solution of the equations (24) can be obtained with the form
In view of (8), we have
The first components of ( ) are obtained from (2) as follows: 
Convergence and stability analysis
This section is devoted to proving the convergence and stability of solutions to fractional initial value problems, on a finite interval of the complex axis in spaces of continuous functions. Proof. This proof is similar to Theorem 3.1. in [2] . A clear conclusion can be drawn from the numerical results and Theorem 1 that our approach provides highly accurate numericalsolutions without spatial discretization of the problems. Overall, results show that the proposed approach isunconditionally stable and convergent. In other words, we can always find a proper value of the convergence control parameter¯ to ensure the convergent series solution, and our approximate results agree well with numerical ones. It should bepointed out that the response and stability of this type of problem, in general, can also be studied in a similar way.
Theorem 1.

If the series
( ) = M =0 ( ) converges ( = 1 2 · · · ),
Conclusion
In this manuscript the homotopy analysis method is used to solve non-linear Abel differential equations with fractional order. The method provides a simple way to control the convergence region of the solution by introducing an auxiliary parameter¯ and auxiliary function H( ) . This is an obvious advantage of the HAM. It is also proved that homotopy perturbation and Adomian decomposition methods are only a special cases of the homotopy analysis method. This work illustrates the potential and the validity of the homotopy analysis method for solving nonlinear fractional differential equations. In this paper Mathematica has been used for computations and programming.
